In flat spacetime, two inequivalent vacuum states which arise rather naturally are the Rindler vacuum |R and the Minkowski vacuum |M . We disuses several aspects of the Rindler vacuum, concentrating on the propagator and Schwinger (heat) kernel defined using |R , both in the Lorentzian and Euclidean sectors. We start by exploring an intriguing result due to Candelas and Raine [1], viz., that GR, the Feynman propagator corresponding to |R , can be expressed as a curious integral transform of GM , the Feynman propagator in |M . We show that, this relation actually follows from the well known result that, GM can be written as a periodic sum of GR, in the Rindler time τ , with the period (in proper units) 2πi. We further show that, the integral transform result holds for a wide class of pairs of bi-scalars {FM , FR}, provided FM can be represented as a periodic sum of FR with period 2πi. We provide an explicit procedure to retrieve FR from its periodic sum FM , for a wide class of functions. An example of particular interest is the pair of Schwinger kernels {KM , KR}, corresponding to the Minkowski and the Rindler vacua. We obtain explicit expression for KR and clarify several conceptual and technical issues related to these biscalars both in the Euclidean and Lorentzian sector. In particular we address the issue of retrieving the information contained in all the four wedges of the Rindler frame in the Lorentzian sector, starting from the Euclidean Rindler (polar) coordinates. This is possible but require four different types of analytic continuations, based on one unifying principle. Our procedure allows generalization of these results to any (bifurcate Killing) horizon in curved spacetime. * karthik@iucaa.in † paddy@iucaa.in arXiv:1906.09278v1 [gr-qc] 
Introduction and Motivations
In standard quantum field theory, the Fock basis is introduced by identifying the creation (a j ) and annihilation (a † j ) operators, defining a vacuum state through a j |0 = 0, and building multi particle states by the repeated action of a † j on the vacuum state. The creation and annihilation operators are identified, in turn, by using a suitable definition for positive frequency mode functions. As is well known, such procedures are not unique and one can easily construct inequivalent class of creation/annihilation operators thereby leading to different vacuum states [2] .
One such situation -extensively studied in literature -corresponds to the notions of Rindler vacuum and Minkowski vacuum [3] [4] [5] [6] [7] , which arise along the following lines. In a D-dimensional flat spacetime, introduce the standard Lorentzian coordinates x a = (t, x, x ⊥ ). The x − t plane is divided into four wedges (R, L, F, P ) by the x = ±t planes in the standard manner. Introduce the Rindler coordinates (τ, ρ, x ⊥ ) in the right (R) and the left (L) wedges with, for e.g., x = ρ cosh τ, t = ρ sinh τ in R and x = −ρ cosh τ, t = −ρ sinh τ in L,with similar transformations in other wedges [8] . ( We assume that ρ > 0 and −∞ < τ < ∞.) The metric is static with respect to both t and τ coordinates and hence one can find mode functions which are positive frequency with respect to t or with respect to τ . The corresponding creation/annihilation operators can be used to define the Minkowski vacuum |M and the Rindler vacuum |R . One can then build standard QFT based on these two vacua and study their inter-relationship. In particular, one can define the Minkowski and Rindler propagators by the standard procedure:
where the subscripts on T indicate the time-coordinate used for time-ordering. It is also well known that |M behaves like a thermal state filled with Rindler particles at the temperature T = (1/2π). This thermality implies that the Minkowski propagator G M can be thought of as a 'thermalised' version of the Rindler propagator G R in the following sense [9] :
This equation is to be understood as summarizing a three-step process 1 : (i) Take the function G R (τ ) and analytically continue it to the Euclidean time τ E ≡ iτ . (ii) Construct the sum in the right hand side by changing τ E → τ E + 2πn and summing over all n. (iii) Analytically continue back to τ . The result is formally expressed by Eq. (2).
Motivation 1: Probing an intriguing relation
There is, however, another intriguing relationship between G M and G R , which has received very little attention in the literature. It turns out that, for events (x 1 , x 2 ) in R, there is a curious relation between G R and G M given by:
where σ 2 (x, y) is the square of the invariant distance between the two events and x re is the event obtained by reflecting the event x from right wedge R to left wedge L. That is, σ 2 (x 1 , x re (λ)) = ρ 2 1 + ρ 2 2 + 2ρ 1 ρ 2 cosh(λ − τ 2 ) + (∆x ⊥ ) 2 = σ 2 (τ 1 , τ 2 + iπ)
(b) As we said before, it is well known -and has been extensively discussed in literature -that the Minkowski propagator G M can be thought of as a 'thermalised' version of the Rindler propagator G R in the following sense:
This periodicity in the Euclidean time is, of course, the root cause of the thermal behaviour which arises in the standard approach. It is not clear whether the relation in Eq. (3) is connected with this basic fact, and if so, how. (We will show that they are intimately related.) (c) The original derivation makes use of the fact that G R and G M are the Feynman propagators in the two vacua. It is not clear whether the same relation holds for a much wider class of functions (and we will see that it does) and if so what are the essential ingredients which go into this relation. (We will discover these ingredients.) (d) If you analytically continue τ → τ E = iτ , the coordinate transformation in the right wedge changes from (x = ρ cosh τ, t = ρ sinh τ ) to (x = ρ cos τ E , t E = ρ sin τ E ). Therefore, this analytic continuation of the right wedge alone fills the entire Euclidean plane in Cartesian coordinates (t E , x). In particular, the relation x = ρ cosh τ (with ρ > 0) implies that x is always positive; but on analytic continuation x = ρ cos τ E (with ρ > 0) covers the entire real line (−∞ < x < ∞) including negative values of x. This, in turn, implies that there is no distinct "reflected event" x re in the Euclidean sector (or, more precisely, both L and R wedges maps to the entire Euclidean plane on their own). So the question arises as to how Eq. (3) transforms into the Euclidean sector and how it is to be interpreted.
(e) The second term in the right hand side of Eq. (3) convolves G M with a kernel of the type (x 2 +π 2 ) −1 . Though the authors of [1] make a passing comment of some 'line charge density', this interpretation doesn't make any clear physical sense. On the other hand, this particular kernel is well known in complex analysis and is a special case of a Poisson kernel [17] with the factor (x 2 + y 2 ) −1 with y = π. The Poisson kernel can be used to extend functions defined on the real line to the upper half plane in such a way that they remain bounded (unlike the usual analytic continuation) in the the upper half plane. 3 Roughly speaking the role of the Poisson kernel is to allow G M to be extended into the upper complex plane and, in particular, along the line z = τ + iπ. This is important because the transformation τ → τ + iπ actually reflects the event (x = ρ cosh τ, t = ρ sinh τ ) to (x = −ρ cosh τ, t = −ρ sinh τ ) thereby taking x to x re . Since G M in the second term of Eq. (3) is already evaluated at x re this convolution with a Poisson kernel actually brings it back to R. It is not a priori obvious what exactly is going on in the reflection followed by the convolution by the Poisson kernel.
A closely related aspect is the introduction of the transformation τ → τ + iπ of the Rindler time, which is very different from the usual Euclideanisation obtained by τ → iτ . In Euclideanisation we rotate the time axis by π/2 in going from Re τ to Im τ . Here we are shifting Re τ parallel to itself by an amount π in the complex plane. The properties of such an analytic extension for various functions plays a crucial role in the structure of Eq. (3). This paper arose, partially, out of our attempt to probe these issues and to distill the essential mathematical structure behind Eq. (3). We will show that a large class of functions satisfy Eq. (3) -of which the Feynman propagator is just a special case -and identify the key structural factor common to all these functions. We will provide a very simple, straight forward proof of Eq. (3) for a broad class of functions in Section 2 and will follow it up with a more elegant and formal proof which highlights the role of complex plane, Poisson kernel and the analytic extension τ → τ + iπ.
Motivation 2: Schwinger (heat) kernel and inequivalent vacua
There is a second motivation for this work which is related to the Schwinger kernel approach to the inequivalent vacua. We will now describe this motivation.
The canonical quantization (based on identifying creation/annihilation operators, vacuum state, Fock basis etc) is the familiar procedure one usually uses. It is, however, possible to approach QFT in curvilinear coordinates/curved spacetime from a different perspective based on the Schwinger (heat) kernel approach. In this approach the central quantity is the Schwinger kernel which, in Lorentzian spacetime, satisfies the covariant differential equation and the boundary condition given by
where δ(x, x 0 ) is the properly densitised Dirac delta function in curved spacetime or curvilinear coordinates. It is possible to obtain all other relevant constructs -e.g., the Feynman propagator, effective Lagrangian etc. -from the kernel by:
The Eq. (6) shows that K just encodes the properties of the Laplacian in a given curved spacetime and is independent of the physics of the scalar field. 4 There are two aspects related to the Schwinger kernel which we will focus on in this work. First, the relation between the kernel and the propagator in Eq. (7), as well as the fact that the propagators for two vacuua are related by the thermalisation procedure in Eq. (2) tells us that the two kernels will also satisfy a similar relation:
We will show in Section 3 that any two functions which obey this thermalisation condition will also satisfy a result like Eq. (3) which can the obtained as the "inverse" of the thermalisation condition. Using this fact, we can immediately obtain K R from the well-known expression for K M . We could not find explicit expressions for the Schwinger kernel, corresponding to Rindler vacuum, in the published literature. Its simple derivation shows the power of our general technique, involved in "inverting" Eq. (8).
The above procedure will lead to an expression for K R which is distinct from K M . This is, of course, as it should be because K R and K M have to lead to very different propagators G R and G M . This, fact, however, raises a second question: We can incorporate both the differential equation and the boundary condition in Eq. (6) and write down the formal solution to this equation in the form
Once we determine K we can obtain the Feynman propagator by using Eq. (7) . In this approach it appears that we are obtaining a Feynman propagator directly from the solution for the Schwinger kernel given in Eq. (9) . It is not a priori obvious how this approach will lead to different vacua, different kernels and 4 If we consider a massive scalar field then the corresponding kernel will involve the mass m and is related to massless heat kernel by the simple relation: K m =0 (x, x 0 ; s) = e −im 2 s K m=0 (x, x 0 ; s) so that it is enough to concentrate on the massless case, most of the time. different propagators; at first sight, the solution defining the kernel in Eq. (9) appears to be unique and generally covariant, suggesting that there is a unique kernel for the quantum field, independent of the coordinates used to describe it. 5 This, of course, cannot be true because we know from the canonical approach that the definition of propagators also depend on the vacuum state and they are (non-trivially) different when computed using |M or |R . If, instead, we use Eq. (9) to determine K and Eq. (7) to determine G the information about vacuum states has to slip in through boundary conditions. It is important to identify how exactly this comes about. Interestingly enough, the difference between Rindler and Minkowski vacuum is encoded in the way we choose to represent the Dirac delta function δ(x, x 0 ) in Eq. (9) . Notice that in Eq. (9) both the operator as well as δ(x, x 0 ) are generally covariant constructs. So if we change the coordinate system, the right hand side of Eq. (9) will transform in a generally covariant manner and so will the kernel K(x, x 0 ; s). To get a distinctly different kernel, we need to actually tinker with the Dirac delta function. Given the rather curious nature of this result, we will discuss it at some detail. (As we said before, we have not seen the expression for K R in the published literature and the expressions we derive in this paper might be also of intrinsic interest.)
Motivation 3: From the Euclidean plane to all the four Rindler wedges
The standard coordinates in right Rindler wedge (τ, ρ) are related to the inertial (t, x) coordinates by:
Clearly the (τ, ρ) coordinates only cover the right wedge. The analytic continuation it → t E and iτ → τ E leads to x = ρ cos τ E , t E = ρ sin τ E with ρ > 0, 0 < τ < 2π. We see that the Euclidean coordinates (τ E , ρ) covers the entire Euclidean plane (t E , x). In other words the analytic continuation of the Rindler right wedge alone fills the entire Euclidean plane, covered by the inertial (Euclidean) coordinates. While the transformation x = ρ cosh τ with real τ only covers x > 0, the shift τ → τ + iπ takes us from x > 0 to x < 0; the imaginary values of τ knows about the region beyond the horizon. The horizon (x 2 − t 2 = 0) in the Lorentzian sector collapses to the origin (x 2 + t 2 E = 0) in the Euclidean plane and F, L, P wedges disappear. It can be easily checked that the same phenomenon occurs when we analytically continue from, say, the left wedge as well.
This raises an interesting question, which provides the third motivation for this work. It is generally believed that, at least flat spacetime, one can define the quantum field theory -in particular, the Feynman propagator -properly in the Euclidean sector and then analytically continue it to the Lorentzian sector. This certainly works when we use inertial coordinates and go from (t E , x) to (t, x). But it appears that if we start with Rindler ('polar') coordinates (τ E , ρ) in the Euclidean sector, write down the Euclidean propagator, and analytically continue to the Rindler coordinates in Lorentzian sector, we only seem to recover the Lorentzian propagator in the right wedge! How do we obtain the form of the propagator when one or both of the coordinates are outside the right wedge? Since the Euclidean Rindler coordinates cover the entire Euclidean inertial manifold, there must exist a way of obtaining the results for all the four wedges in the Lorentzian sector, starting from the Euclidean Rindler coordinates.
We will see that this is indeed possible but the analytic continuation is nontrivial especially when the two events in G(x 1 , x 2 ) are in different sectors. (This was briefly mentioned by one of the authors, in the Appendix of Ref. [18] and we will elaborate on this construction, especially for the Schwinger kernel.) This construction will also provide a relatively simple route to the propagator in different sectors obtained, for example, by a more complicated procedure in Ref. [19] . We have not seen the corresponding results for the Schwinger kernel in the literature and we will provide their explicit forms.
A general result for a class of functions
We will start with the task of understanding Eq. (3). It is well known that the time dependence of the form exp(−iω|τ |) with ω > 0 plays a crucial role in the structure of Feynman propagator. It is this factor which propagates positive frequency modes forward in time and negative frequency modes backward in time. Consider a function built by an arbitrary superposition of exp(−iω|τ |) in the form
The first equality defines the superposition in terms of the weightage A 1 (ω); in the second equality we have set A 1 (ω) ≡ A(ω) sinh πω for future convenience. We have only displayed the dependence on the Rindler time coordinate τ but both F R as well A(ω) will depend on all the other coordinates. Most of the time, we will be interested in biscalars which depend on two events x 1 and x 2 with (i) a dependence in Rindler time coordinates through τ ≡ τ 2 − τ 1 and (ii) a dependence in the transverse coordinates through
That is, the biscalars respect the translation invariance of the Rindler metric in the Rindler time coordinate and the transverse coordinates. While dealing with such biscalars, we actually have F R = F R (ρ 1 , ρ 2 , x ⊥ , τ ) and A = A(ρ 1 , ρ 2 , x ⊥ , ω) but for clarity, we suppress the display of the dependence on ρ 1 , ρ 2 , x ⊥ in both F R and A(ω). In all these discussions, the transverse coordinates go for ride; so it is often convenient to Fourier transform all the relevant functions with respect to x ⊥ and work with F R (ρ 1 , ρ 2 , k ⊥ , τ ) and A(ρ 1 , ρ 2 , k ⊥ , ω); this is what we will do most of the time.
Let us next construct another function obtained by thermalising F R (τ ) along the lines described just after Eq. (5). This is easily done using the result:
and analytically continuing back from τ E to τ . (For completeness, we have provided a proof of this relation in Appendix A). In Eq. (11), the left hand side is clearly periodic in τ E with period 2π by construction. It is obvious that if, say, τ lies between 2πN and 2π(N + 1) the sum can only depend on τ − 2πN . In the right hand side, therefore, the range of τ is restricted to the interval (0, 2π). This procedure leads us to the second function F M (τ ) which is the thermalised version of F R (τ ):
It is now possible to prove that F R and F M -defined by Eq. (10) and Eq. (12) -satisfy the relation in Eq. (3) we are trying to understand, for any choice of A(ω). In other words, only two ingredients have gone into proving the result in Eq. (3) for this class of functions. 6 First is that F R is built from an arbitrary superpositions of exp(−iω|τ |) with ω > 0. Second, F M is constructed by thermalising F R . We know that these two conditions are indeed satisfied by the Rindler and Minkowski propagators. The Feynman propagator for the Rindler vacuum is built from a superposition of exp(−iω|τ |) with ω > 0; and we know from Eq. (5) that G M is a thermalised version of G R . So clearly, these two functions satisfy Eq. (3) .
Proving that the functions defined by Eq. (10) and Eq. (12) satisfies the relation like Eq. (3) is fairly straightforward. We first note that the factor A(ω) and the integration over ω goes for a ride while establishing Eq. (3) between F R and F M . So all we need to prove is an identity satisfied by hyperbolic functions in the form:
for, say, τ > 0. (We stress that this is merely an identity involving hyperbolic functions, devoid of physics content.) In the second term, we actually have just cosh ω[iτ ] in the integrand, which we have written in such a manner that it can be compared with the first term on the right hand side evaluated with a shift of −π. This shift of −π in iτ leads to a shift of iπ in τ and thus "reflects" the event from the right wedge to the left wedge. Once we have the result in Eq. (13) we can multiply the whole equation by A(ω) and integrate over ω to establish that F M and F R satisfy the relation in Eq. (3). To prove Eq. (13) in the simplest manner, we define two functions f ± (τ ) (with upper sign used for τ > 0 and lower sign used for τ < 0) by the relation
This function has the simple property that
for all τ . The rest of the proof involves simple algebraic manipulations. We begin by writing
The first equality is a standard result in Fourier transforms and the second equality uses Eq. (15) . We next use the identity
with z = iτ to obtain the result:
Substituting back for f ± and restricting ourselves to τ > 0 we can rewrite this relation in the form of Eq. (13) . As explained earlier, the only two ingredients which went into establishing this result are: (i) The F R is built by a superposition of exp −iω|τ | and (ii) F M is obtained from F R by thermalisation.
It is easy to verify that the Rindler and Minkowski propagators indeed have the form of F M and F R with a particular choice for A(ω) given by
With this choice of A(ω) in Eq. (10) and Eq. (12) we will correctly reproduce the two propagators
which are the Fourier transforms of the propagators in transverse coordinates. The cognoscenti will immediately see that Eq. (10), with the A(ω) in Eq. (19), gives the Rindler propagator because it is built from the normalized mode functions of the form u ωk ⊥ ∝
. Proving that Eq. (19), substituted into Eq. (12) gives the Minkowski propagator is also not difficult. To do this most directly, start from the Schwinger representation for the Minkowski propagator given by
where σ 2 (x 1 , x 2 ) is the interval between the two events in R expressed in Rindler coordinates. It contains the square of transverse separation (∆x ⊥ ) 2 . Fourier transforming with respect to this separation leads to the result
We now recall the convenient identity (see Eq (24), p382 of [20] )
analytically continue it from τ E to τ , and express K 0 (µ ) as a product of two K iω functions. This will prove that the choice of A(ω) in Eq. (19), when substituted into Eq. (12), does reproduce the Minkowski propagator.
We will now comment on a wider class of functions for which this result holds. Any even function, F R (τ ), can be expressed in the form:
which differs from our original set in Eq. (10) by the fact that we are now integrating over the whole range of ω without just restricting to the positive frequencies.
Once we obtain the result in Eq. (13) we can multiply the whole equation by B(|ω|) and integrate over all ω and again obtain the result in Eq. (3) for all F R (τ ) which is even in τ . A simple example of such a function is the Schwinger (heat) kernel defined with respect to Rindler and Minkowski vacua. The Rindler heat kernel K R (τ ) is an even function of τ and can indeed be expressed in the form an integral in Eq. (23) . So the result in Eq. (3) holds not only for the propagators but also for the heat kernels and we will discuss these features in detail in Sections 4 and 5.
We will now provide a more elegant proof of Eq. (3) for all even functions F R (τ ) which clearly proves that it is an "inversion" of the thermalisation condition. condition in Eq. (5) . The only assumption we make is that F R (z) = F R (−z), viz. F R is an even function of its relevant argument. We then express this in the form of an integral relation given by
where H is a suitable integral kernel and C is a specific contour in the complex plane given in Figure 1a .
We have implicitly assumed that F R has the required limits for the right hand side of Eq. (24) to exist. Once F M is related to F R by this integral equation, we can invert the kernel and find F R in terms of F M thereby again getting a relation of the form
where G is the 'inverse' of H which appears in Eq. (24) . (Again, we require that F M vanishes sufficiently faster on the asymptotic regions of C for the last integral to exist.) This result, in turn, will lead to an expression of the form in Eq. (3) for the two functions F M and F R . We will now provide the details of this approach.
Since F M is an infinite periodic sum of F R , Eq. (24) will lead to a result like Eq. (5) if H has poles at
with a constant value of residues, independent of n. There are several functions which will satisfy this criterion and we will choose for our purpose the function
with the integration contour C shown in Figure 1a and p i (see the figure) represents a generic pole of the function F M . A straightforward calculation using the residue theorem now leads to the result
where the last step uses our assumption that F R (z) is an even function. This completes the first part of our task, viz., expressing F M as a contour integral involving F R . The next step is to invert the relation in Eq. (24) and express F R as an integral over F M in the form of Eq. (25) . It turns out that the relevant inverse function to be used in Eq. (25) is given by
where the contour is C shown in Figure 1b . We will first demonstrate that, with this choice of G and the contour C, we do reproduce a relation of the form in Eq. (3). Having done that, we will provide a direct proof that G and H are indeed inverses of each other in Appendix B. With the choice of G in Eq. (31) and the contour shown in Fig. 1 , the relevant integral in the complex plane becomes the sum of three parts.
The reside term is just F M (z). Since F M (z) is an even function, G(z; iy)F M (iy) will be an odd function of y, for real y. Hence, the vertical integral vanishes. Let us now look at the horizontal integral.
The evenness and pseudo-periodicity condition of
This gives us the result
which has the same form as in Eq. It is clear that the very general nature of our proof allows it to be extended to several other spacetimes, like for e.g., Schwarzschild, deSitter etc. Whenever the spacetime has a bifurcate Killing horizon, the orbits of the Killing vector allow the partitioning of the relevant plane into four wedges just as in the case of Rindler coordinatisation of Minkowski spacetime. In a general context, we will not have explicit/closed form expressions for the mode functions of the scalar field and hence one may not be able to carry out explicit computation of, say, the propagators G R and G M . However, in all these contexts (for e.g., Schwarzschild, deSitter, etc.) we can prove that the propagator in the global, Minkowski-like vacuum, G M is a thermalised version of the propagator G R defined in the Rindler-like vacuum. Given this thermalisation condition and the evenness of G R (τ ) one can immediately obtain Eq. (37) in all these spacetimes. To complete the generalization, we should be able to arrange matters such that the shift τ + iπ leads to the reflected trajectory. This holds, again, in any spacetime with a bifurcate Killing horizon. In such spacetimes, one can introduce coordinate systems in such a way that the thermalisation condition -viz., the periodicity of τ E in 2π -arises as a two step process; the shift τ E → τ E + iπ reflects the coordinates from the right wedge to the left wedge and a further shift by −iπ brings it back to the right wedge thereby ensuring periodicity. So our result holds in all these contexts which is a significant generalization of the original result of Ref. [1] .
All that remains to be shown is that the integral kernels G and H (appearing in Eq. (24) and Eq. (25)) given by Eq. (27) and Eq. (31) are indeed inverses of each other. To do this, we only need to show that Eq. (25) implies Eq. (24) and vice-versa with these choices. This is completely straightforward and hence we delegate the technical details to Appendix B.
The result in Eq. (37) implies an simple relationship between the Fourier transform of F M and F R . To derive this relation, we can restrict ourselves to real values of z. For simplifying the notation we will write,
M (x) with the superscript "r" reminding us of the reflection in the coordinates. Then, for real values of z, our result in Eq. (37) reduces to:
We will now take the Fourier transform of both sides of this equation with respect to τ . The second term is just a convolution of F (r) M with a normalized Lorentzian function, which has the Fourier transform e −π|ω| . So the convolution theorem leads to the final result:
where the tide over a function indicates the Fourier transform. (We will see later that, this remarkably simple relation can be used to derive the Fourier transform with respect to the Rindler time τ of G R , the Feynman propagator in the Rindler vacuum. Obtaining the same by direct calculation involves a tricky deformation of a contour integral.) Further, by choosing F R and F M appropriately, the relation Eq. (39) can be applied to Feynman propagators in appropriate vacuum states in any (bifurcate Killing) horizon in curved spacetime. Before concluding this section, we will briefly consider the Euclidean version of our results. For this purpose, let us consider an even function f (z) which satisfies the condition f (z + 2πn) = f (z). Hence, along real line, f is a periodic function with a period 2π. Let us now suppose that we can write f (z) as a periodic sum of another even function g(z). That is,
A natural question to ask is: can we retrieve the function g(z) from f (z) by an integral transformation analogous to Eq. (25) . By an argument similar to the previous one in the Lorentzian sector, we can see that this transformation is given by
It is convenient to restrict the variable z in the range (−π, π) (which can be done without loss of generality), and call the variable z with this restriction as θ. We can now break down the integral in Eq. (41) into four parts: (i) the integral along the vertical line joining π + i∞ and π (ii) the integral along the vertical line joining −π and −π + i∞ (ii) integral from π to −π along the real line and (iv) the integral along infinitesimal semicircles around the poles of the integrand at z = ±θ. This is explicitly given below:
The last two terms combine to give f (θ). The third term vanishes because the integrand is an odd functions. The surviving terms can be combined to get the following expression for g(θ):
Once again, we see that the a Poisson-like kernel emerges. Note that this is exactly the form that one expects, given our result in Eq. (37).
The Schwinger kernel for the Rindler vacuum
We shall now turn our attention to the derivation and discussion of the Schwinger kernel corresponding to the Rindler vacuum. In particular, we will concentrate on two aspects. First, we will use the relations obtained in the previous sections which allows us to invert the thermalisation property and obtain the Rindler kernel in the Lorentzian sector directly. This shows the power of the result obtained in Section 3 by its application in a new non-trivial context. Second, we will address the question of how the Rindler kernel can be obtained in the Euclidean sector. This requires careful consideration of the boundary conditions and we will provide a derivation from first principles working entirely in the Euclidean sector. We will start by inverting the thermalisation condition in the Lorentzian sector.
Inversion of the thermalisation condition
As we said before, the Schwinger kernel also satisfies the thermalisation condition in the form of Eq. (8). Therefore, our result in section 3 tells us that it can be obtained from the Minkowski kernel through the relation
where the "inverter" is given by
and the Minkowski kernel, expressed in Rindler coordinates, is given by: 7
Note that, we have not bothered to include the transverse part and the mass term, since they go for a ride during the "inversion" process. All the non trivial aspects of the kernels that we need in this section are in their τ, ρ dependent parts. Therefore, for the purpose of deriving the main result of this section, it suffices to work in the 1+1 dimensions. However, for completeness, by suitable generalization of 1+1 dimensional results, we shall explicitly present the d+1 dimensional case, towards the end.
In order to evaluate the integral in Eq. (44) we shall first assume that Imτ < −π and then analytically continue our result to Imτ = 0. We can then use
to rewrite K R as,
The order of integration can now be interchanged to get,
Recall that the Modified Bessel function I ν has the following integral representation [21] .
where, the contour C is as shown in Figure 2 . Hence, the expression for K R reduces to: with respect to the transverse Cartesian coordinate differences ∆x ⊥ . We also recall that the massive kernel is just e −im 2 s times the massless kernel. Hence, the generalization of Eq.(55) can be conveniently written in terms of K (m)
where, µ 2 = m 2 + |k| 2 . (The k ⊥ -dependent exponential factor coming from the Fourier transform of e −∆x 2 ⊥ /(4is) with respect to ∆x ⊥ and e −im 2 s are combined to give the µ 2 dependent part of the kernel. This is why working with the Fourier transform with respect to the transverse coordinates is useful.) The rest of the terms in Eq. (56) can be seen to match exactly with the 1+1 dimensional massless kernel given in Eq.(55). To check the correctness of Eq. (55), let us calculate the Feynman propagator G R for a massive scalar field from K (m) R (k ⊥ ,τ ) and compare it with the known results in literature. The Fourier transform G R (k ⊥ ,τ ) with respect to x ⊥ of the Feynman propagator G R for a massive scalar field can be evaluated using Eq. (7) to give:
where, µ 2 = m 2 + |k ⊥ | 2 . To simplify this expression further, we need the following identity:
By a straightforward application of this result, we can simplify Eq.(57) to arrive at
which matches with the known expressions in the literature (see for example, [1, 12] ). A useful mnemonic is worth mentioning here; the G R (k ⊥ ,τ ) for a scalar field of mass m in d+1 dimensions can obtained from the propagator for a scalar field of mass m in 1+1 dimension by the replacement: m → µ.
Solving the Euclidean heat kernel equation
The line interval in the 2-dimensional plane can be expressed in polar and Cartesian coordinates in the form:
As is well known, these are the Euclidean versions of the corresponding line element which we encounter in Minkowski and Rindler coordinates:
The Euclidean quantum field theory can be reformulated in terms of an appropriate 'heat kernel', the Euclidean analogue of Schwinger kernel, and is defined by: [22] [23] [24] ). However, we review the solutions of heat kernel equation with the intention of tracing how the distinction between different vacua are encoded in the boundary conditions. The formal solution to Eq.(62), incorporating the correct boundary condition, can be given as
where δ(x, x 0 ) is a properly densitised Dirac delta function. Note that both the operator E and δ(x, x 0 ) are generally covariant, making K a covariant biscalar. If you solve this equation in one coordinate system (say, in the Cartesian coordinates) and transform everything covariantly to a new coordinate system ( say, polar coordinates), you will only get back the same heat kernel (and Feynman propagator) expressed in terms of the new coordinates. To get something like the (Euclidean) Rindler kernel, in this approach, we have to use two distinct forms of Dirac delta functions in Cartesian and polar coordinate systems. We will now see in some detail what this implies. The basic difference between the approaches that lead to K M and K R can be understood through different representations of the Dirac delta functions. To see what is involved, recall that, using the properties of Dirac delta function, we can write
We now want to re-express this result as a Dirac delta function involving the θ coordinates. Using the basic property of Dirac delta function
and the periodicity of sine function, it immediately follows that
In other words, the Dirac delta function in polar coordinates is an infinite sum. In fact, it is similar to what appears in our thermalisation of functions encountered in earlier sections. We could even say that when we proceed from the Cartesian coordinates to the polar coordinates the new Dirac delta function is obtained by thermalising δ(θ − θ ). Since Eq. (9) gives the kernel as a result of a linear operation on the delta function, it immediately follows that each of the terms in Eq. (66) will lead to a kernel K n parameterized by the integer n. The full kernel is provided by the infinite sum over these kernels K n . To see how this comes about from first principles, let us represent the delta function in polar coordinates in Eq. (66) in terms of an appropriately chosen mode functions φ m (λ; r, θ) such that
where the functions
are eigenfunctions of the E operator with eigen value −λ 2 . If we now use Eq. (9) with this eigenfunction expansion, we will obtain 
which, of course, matches with the result obtained by transforming the standard Minkowski heat kernel K Eu M from the Cartesian coordinates to polar coordinates, treating it as biscalar. So, by this procedure, we have just verified -the rather trivial -property of the kernel viz., it is generally covariant.
There is another way of working with Eq. (66). We can use the rule that we will confine to angular differences which satisfies |θ − θ | < 2π. In that case only the n = 0 term in Eq. (66) contributes and the expression for Dirac delta function becomes
With this interpretation we will get back the same result as long as we keep 'm' in the eigenfunction in Eq. (68) to be an integer. In that case, the eigenfunctions are clearly periodic under θ → θ + 2π and this is the key reason for us getting back K Eu M . In this procedure, the mode functions will satisfy Eq. (67) with only the n = 0 term being present in the right hand side.
To obtain the analog of Rindler kernel we have to get out of the implicit periodicity in θ. This can be achieved as follows. Suppose we insist that the relevant Dirac delta function should not be taken as the one in Eq. (66) but with just the n = 0 term. Further, we assume that the eigenvalue m now takes all real values rather than integer values. That is, we will assume that we can replace the eigenfunction φ m by φ ω with ω taking all real values. (This is, of course, essential for breaking the periodicity; if we take the eigenfunctions with e imθ with integer values for m, they are formally periodic, even if we assume that 0 ≤ θ < 2π.) It would be interesting to ask how the previous analysis will change and what kind of kernel one will get. The entire analysis goes through with the new eigenfunction φ ω . The completeness relation Eq. (67) now gets replaced by
This will lead to the Rindler kernel, K Eu R :
which, using the definition of φ ω from Eq. (68) and the identity in Eq. (70) can be expressed as
From the known asymptotic behaviour of I ν (z) one can directly verify that this kernel indeed satisfies the boundary condition we started with, namely:
In other words, the expression for the kernel in Eq. (9) correctly reproduces both K Eu R and K Eu M depending on how we interpret the Dirac delta function on the right hand side. If you take the "natural" option and insist that θ is an angle with periodicity 2π then you will only get K Eu M , which, of course, has this periodicity arising from the thermalising condition Eq. (8) . In order to get K Eu R one has to explicitly break this periodicity condition in the Euclidean sector. 9 It therefore appears in the Euclidean sector K Eu M arises very naturally while we need to do something artificial to get K Eu R , namely allowing the kernel to be multivalued in the Euclidean plane. However, K Eu R does in fact arise naturally as the heat kernel in an infinitely sheeted, locally flat, 2-d Riemann surface.
Incidentally, the situation is somewhat different in the Lorentzian sector. If you do the coordinate transformation of the Dirac delta function in the Lorentzian sector, then instead of Eq. (64) we will get an expression with δ[2 sinh{(τ − τ )/2}]. This leads to just δ[τ − τ ] as long as we stick to real values of τ and τ , as we should. (The periodicity now is in the imaginary values of τ − τ which do not play a role as long as we decide to live in Lorentzian spacetime.) This would suggest that an analysis similar to what we did above will not recognize any kind of periodicity in the Lorentzian sector. As a result this will lead to the Rindler kernel K R in a natural fashion. To obtain the Minkowski kernel K M in the Lorentzian sector, working entirely in Rindler coordinates, we have to explicitly thermalise K R . We find it rather intriguing that the natural solution to Eq. (9) leads to the Rindler kernel K R in the Lorentzian sector while it leads to the Minkowski kernel K M in the Euclidean sector. We will come back to this feature in the last section.
It can be directly verified that the Euclidean kernels K Eu R and K Eu M , on integration over s leads to the correct propagators G Eu R and G Eu M , respectively. This can be obtained most easily by first rewriting the relevant expressions in terms of K iν in the following forms.
and
These expressions are derived in Appendix C. The integration leads to the following expressions in the Euclidean sector which are well known in the literature
In the context of QM in 2-dimensional plane, one would not dream of writing the Dirac delta function with just δ(θ − θ 0 ). In QM, the kernel evolves an initial wave function to a final wave function; in fact K(x, x 0 ; s) is indeed the wave function for a particle at time s if it started out as a delta function, δ(x, x 0 ) at time s = 0. So to justify the choice of delta function with a factor δ(θ − θ 0 ) one should be able to interpret it as the initial wave function of a particle in the plane. This is tricky because one would expect the wave functions to be single valued. Since θ and θ + 2π represent the same physical point, the function δ(θ − θ 0 ) cannot be an acceptable choice for the initial wave function. Therefore the kernel K n=0 never arises in the context of, say, normal QM. and
This matches exactly with the previous results, for example, that in [12] .
From the Euclidean Plane to the four Rindler wedges
Finally we will take up the third motivation for this work, mentioned in Sec. 1.3. We will show that the Lorentzian biscalars (like K M (x 1 , x 2 ; s) and G M (x 1 , x 2 )) can indeed be obtained from their corresponding Euclidean avatars ( K Eu M (x 1 , x 2 ; s) and G Eu M (x 1 , x 2 )) by analytic continuation. However the standard analytic continuation, discussed in the literature -which involves replacing t E → −it and τ E → −iτ in x = ρ cos τ E , t E = ρ sin τ E -will only lead us to the events in the right Rindler wedge. To obtain the form of the biscalalrs in other wedges, we actually need different sets of analytic continuations. This is particularly important when the two events in the biscalars are located in different wedges.
The key (unifying) principle which helps us to discover the correct analytic continuation is the following: The invariant Euclidean distance squared (σ 2 E ) should be analytically continued to the invariant Lorentzian distance squared (σ 2 ) such that the latter has an infinitesimal imaginary part. Depending on the location of the two events that define the Lorentzian kernel, different cases lead to different mappings which we will list below. We first discuss the analytic continuation of the kernel and then describe the corresponding results for the propagator.
The recipe for analytic continuation
The analytic continuation from Euclidean to Minkowski space for simple scalar functions was discussed in [18] . We generalize this prescription and propose a recipe for analytically continuing kernels and Feynman propagators, which are biscalars. To accomplish this it suffices to analytically continue two basic biscalars in Euclidean space: (i) σ 2 E , the square of Euclidean distance and Θ E = |θ − θ |, the angle between vectors, say x and x , representing the two points. To reproduce the analytical structure of Feynman propagator and kernel, we should ensure that σ 2 E be analytically continued to σ 2 + i0 + in the Lorentzian sector. To analytically continue Θ E , let us start by writing its explicit form:
where, x and x are the Cartesian coordinates of two points in the Euclidean plane and dot denotes the standard inner product in the Euclidean flat space. It is convenient at this stage to define the quantity in the square bracket as Z(x, x ). In terms of the polar coordinates, the biscalar Z can be written as
Note that Θ E is a function of Z alone; more specifically we have, Θ E = cos −1 (Z). However, since we are interested in analytic continuation of Θ E , we need an expression for Θ E (Z) that is valid in the whole of complex Z−plane. For this purpose, recall that the expression for cos −1 (y), for real y in the range [−1, 1] is given by
which is easy to verify. 10 This expression enables us to analytically continue the cos −1 function into the complex plane. However, one cannot naively extend it into an analytic function in the entire complex place, since it inherits branch cuts from the 'log' and square root functions that appear in its definition. Hence, a complex extension of Θ Z needs to be defined using appropriate i prescription as:
With these two inputs we get a consistent analytic continuation of the Euclidean biscalars K Eu M and G Eu M to the whole of Minkowski space. We give the explicit recipe in Table 1 for three cases: (i) RR, when both points are in R wedge (ii) F F , when both points are in F wedge and (iii) RF , when one point is in F and the other in R. (More algebraic details are given in Appendix D). The other cases (involving L and P) can be found in a similar manner. 
6.2 Analytic continuation of K Eu M and G Eu M With the recipe in Table. 1 and and the analytic continuation of the Schwinger propertime s → ise −i0 + , we can obtain the expressions for K M and G M , by analytic continuation of K Eu M and G Eu M . We will start with K M in the RR, RF and F F sectors. (We use the notation AB to describe the situation in which the two events are in the wedges A and B.) The Feynman propagator can then be found using the standard relation
It is clear that we will encounter the following type of integral, while evaluating G M using the above relation (after rotating the contour of integration via s → −is):
When z 1 and z 2 satisfies the following conditions,
one can evaluate the integral explicitly to get,
Our strategy will be to analytically continue I(z 1 , z 2 ) for the desired values of z 1 and z 2 by using the appropriate analytic continuation of K iν . We will now work out the calculations explicitly for the RR, FF and RF cases. (These results have been obtained earlier in Ref. [19] by a more complicated procedure.)
RR: both events in the R wedge
Application of our prescription to Eq.(80) yields the following expression for Minkowski kernel K (m) M for a massive scalar field, when both events are in the R wedge:
This is for a (1 + d) dimensional, massive case and -as discussed earlier in connection with Eq. (56) -we have taken a Fourier transform with respect to the transverse coordinate differences and set µ 2 = m 2 + k 2 ⊥ . (A similar result can be obtained when both points are in the L-wedge, which we will not discuss explicitly.) The Feynman propagator can now be found by using Eq. (88) and (91) to get:
To arrive at a more familiar form of K M , we can use the following result:
With α = µρ, β = µρ , ξ = |τ − τ | + i(π − ), we arrive at:
which gives the correct propagator for a massive scalar field (see e.g. [12] ). There is another representation of this propagator which is useful. This representations is motivated by the fact that Eq. (93) contains |τ −τ | while it will be useful to have just the Fourier transform with (τ −τ ). (The Fourier transform of the propagator with respect to (τ − τ ) can be interpreted as the amplitude for propagation in energy space and is closely related to the thermality of Rindler horizon [18] ). This can be achieved as follows: Using the result Eq.(94) again, but this time with ξ = (τ − τ ), α = e i(π− ) µρ < and β = µρ > we arrive at a different representation for G M , given by
In terms of these modes, with appropriate normalization, Eq.(102) reduces to the suggestive form
In the F wedge, ρ acts as the time coordinate and τ acts as the space coordinate. So the subscripts < and > in the above expression actually give us a time-ordered expression. So Eq. (104) has the correct form of the time ordered correlator in the Minkowski vacuum, expressed in terms of positive frequency mode functions, as is appropriate for the Feynman propagator.
RF: one event in R and the other in F
In this case, K M takes the form:
The term in curly brackets is just the Fourier transform of e iz sinh(τ F −τ R ) with respect to τ F , where z = (ρ F ρ R )/(2s). Therefore this expression may be simplified to get;
Once again, we obtain the familiar expression. To find the Feynman propagator, in Eq.(91) choose z 1 and z 2 to be the following:
The form of G R in this case can then be found to be
In a recent work [18] , this form of the Minkowski propagator was a key ingredient in a simple derivation of thermality of the Rindler horizon.
Analytic continuation of K Eu R and G Eu R
In exactly the same manner as we analytically continued the Euclidean-Minkowski kernel and propagator, we can also analytically continue the Euclidean-Rindler kernel and propagator. Purely algebraically, we can do this in all the four wedges. However, the Rindler vacuum state -used implicitly in the construction of the Rindler kernel and Rindler propagator -has a natural definition only in R and L wedges. So we shall confine our analysis in this paper to the two cases in which the analytic continuation of K Eu R and G Eu R has a natural interpretation viz., in RR and LL. We will only present the RR case here, since the LL case can be dealt in a identical manner. In RR our procedure leads to the kernel:
The Feynman propagator G R can now be computed to give expressions previously known in literature (see e.g. [1, 12] ):
The Rindler modes u ν,k ⊥ (ρ, τ ), which are positive frequency solutions with respect to the Rindler time coordinate, are given by [27] 
The Feynman propagator can then be rewritten in the expected form;
where, τ > > τ < . This representation confirms that the propagator G R that we derived is indeed a time ordered correlation function.
Another important quantity that we are interested in is the Fourier transform of G R with respect to (τ − τ ). We will first derive it from Eq. (110) and then show that our result Eq.(39) reproduces it in an alternative, simple, manner. For the former derivation, let us first rewrite the integral in Eq.(110) as:
where, we have used the identity (2/π) sinh(πν)K iν (x) = I −iν (x) − I iν (x). Since, there are no poles for I iν (mρ < )K iν (mρ > ) in the lower half complex ν−plane and the condition ρ > > ρ < ensures that the this terms vanishes sufficiently fast as Im[ν] → −∞, we can rotate the ν integration in the second term of Eq. (113) to the straight line contour along re i(π− ) connecting r = 0 and r = ∞. Therefore, the expression for G R reduces to the form
Since the integrand in the last expression is symmetric under ν → −ν, we can as well replace |τ − τ | with (τ − τ ) to reveal the Fourier transform of G R with respect to (τ − τ ). Hence, we obtaiñ
which is the Fourier transform of the Rindler propagator. As far as we know this simple expression has not been obtained before in the literature. 
From the well known identity,
we can simplify Eq.(117) to finally obtain:
This matches exactly with the expression forG R in Eq.(116) that we derived using more direct method.
Discussion
The physics in the Rindler frame, vis-a-vis the Minkowski frame has been investigated extensively in the literature. In view of this, it is useful to highlight new results and insights that this work offers.
• It is well known that Minkowski vacuum appears as a thermal state to a Rindler observer. A corollary of this result is that, given the Feynman propagator G R , one can find G M as a periodic sum of G R (in the time variable τ ) with the period being 2πi (in appropriate units). It is natural to ask, whether there exists an inversion of this procedure. That is, given the expression for G M , can we find G R ? In fact, one could ask whether such a result, if it exists, holds for a wider class of functions {F M , F R }, wherein the former is a periodic sum of the latter with a period 2πi? We have shown explicitly that there exist an inverse transformation that retrieve F R from its periodic sum F M , for a general class of functions F R . The Schwinger kernels {K M , K R } also form such a pair. Using the inverse procedure, we derived an integral representation for K R in 1+1 dimensional flat spacetime, which is consistent with known results in literature. (However, as far as we know, the explicit expression for K R does not seem to exist in the previous literature.)
• In reference [1] , the authors derived an expression for G R in terms if a curious integral transformation of G M . However, this result has not been explored further in the literature, in spite of the fact that G R itself is a well studied object. We have shown that this result is a direct consequence of the fact that G M is a periodic sum of G R with period, 2πi. Specifically, it follows directly from the inverse transformation mentioned in the previous item. Hence, the result also holds true for the wider class of functions {F M , F R }. In particular, the Schwinger kernel K R can also be expressed as the integral transform of K M in exactly the same manner.
• The Schwinger kernel for a scalar field, in the Euclidean sector, is just the heat kernel. For the two inequivalent vacua |M and |R , the corresponding heat kernels are clearly different. However, it is well-known that: (a) the right(left) Rindler wedge, under Euclideanization with respect to τ , maps to the whole of Euclidean flat space and (b) the heat kernel, in the Euclidean plane, maps to K M in the Lorentzian sector. The non-trivial task is to find the heat kernel, in the same Euclidean plane, that maps to K R . We explicitly demonstrate how this can accomplished by solving the differential equation satisfied by the heat kernel, using appropriate mode functions. We show that, the existence of two inequivalent heat kernels, is related to the fact that Dirac delta function, can be represented using two different sets of orthonormal mode functions; we obtain (i) (Euclidean) K M , when the modes used to represent the Dirac delta function are invariant under rotation by 2π and (ii) (Euclidean) K R , when the mode functions are not invariant under rotation by any common finite angle.
• The analytic continuation of the Euclidean polar coordinates -which involves replacing t E → −it and τ E → −iτ in x = ρ cos τ E , t E = ρ sin τ E -will lead us only to the events in the right Rindler wedge. The question arises as to how one can extract the information contained in the other four wedges of the Lorentzian sector from the an expression valid in the Euclidean sector. We have provided the four different analytic continuation of the Euclidean polar coordinates such that we can reach all the four wedges in the Lorentzian sector. The procedure is based on a simple unified principle, viz that the analytic continuation should map Euclidean squared distance σ 2 E to (σ 2 M + i ), with a positive, infinitesimal, imaginary part in the Lorentzian sector. We explicitly demonstrate that this procedure leads to the correct expressions for the propagators in the Lorentzian sector, even when the two events are in two different wedges. Again, as far as we know, this problem has not been explicitly addressed in the previous literature.
This approach also allows us to discover relatively simple expressions for the temporal Fourier transform of the Minkowski and Rindler propagators. These two are connected by the relation in Eq. (116), which we hope to study in detail in a future publication.
Our procedure can be generalized to any bifurcate Killing horizons in curved spacetime like, e.g., the de Sitter horizon or black hole horizon. This implies that one can expect results similar to Eq. (3) in much more general situations, even when the explicit forms of G M and G R are not available. We hope to study this in detail in a future publication.
Each of the two summations on the right hand side of the above equation is a geometric series. Hence, using standard results, we get
This can be further simplified into,
Now, when 0 < τ E < 2π, the above equation simplifies to
Similarity, when −2π < τ E < 0, we get
Combining the last two equations, the expression for S, when |τ E | < 2π is given by
B Inverting the periodic summation
We will begin with the proof that Eq. (25) implies Eq. (24) . Note that by definition, F M (z+2πni) = F M (z). Hence, for convenience, we assume that −π < Im[z] < π. Now, consider the RHS of Eq. (24):
Consider the terms in the square bracket; using residue theorem, we get:
Using this, Eq. (129) can be simplified to It is convenient to deform C into theC given in Figure 3 . There are three contributions to this integral:
(1) the residue at z, (2) integral over the vertical line from −iπ to iπ and (3) integrals over the horizontal lines.
The second term in the first line vanishes, because F M (iy) is even. From the pseudo periodicity and evenness of F M , we also have F M (x − iπ) = F M (x + iπ). Hence, the sum of third and forth terms vanishes. Finally, we have
Let us next show that Eq. (24) implies Eq. (25) . We start with the RHS of Eq. (25) .
Again, we will deform the contour C toC, so that the term in the square bracket becomes, Note that the residue term is present only when z lies in the shaded region of Figure 1 . In this case, we have
The second term in the last equation vanishes, since the integrand is odd. The third and forth term can be combined to get:
Therefore, we have 
So that, where, the contour C is as given in Figure 1 . Using this, the kernel K R can be rewritten as
where, z = (rr )/(2s) and φ = |θ − θ |. Using the following identity,
we can further simplify K Eu R to be,
Let us now assume that φ > π, and simplify this expression, which can later be analytically continued for φ < π. The following identity may be used,
When φ > π, the condition for the above integral is satisfied, so that K Eu R may be written as 
where, z = (rr /2s) and φ = |θ − θ |. Using the contour representation of I ν , we have
The following identity is useful, 
D Details of analytic continuation
In this section we will discuss some technical details of our recipe for analytic continuation in Table 1 . Here, we explicitly show that under these transformations (i) σ 2 E → σ 2 + i and (ii) the analytic continuation of Θ E that follows from Eq.(87) matches exactly with that in given Table 1 .
D.1 RR: both events on the R wedge
The transformations in this case are given by (r, θ) → (ρ, iτ e −i ); (r θ ) → (ρ , iτ e −i ).
Therefore, to leading order in , the invariant distance squared is given by
Clearly the imaginary part of the right hand side is positive. Now, to find the analytic continuation of Θ E , let us first look at the expression for Z. Z = cosh(e −i |τ −τ | ); (170)
Since 1 − Z 2 has a small positive imaginary component, the square root in the expression for Θ E will evaluate to √ 1 + Z 2 = i| sinh (τ − τ ) |. Hence, the final expression for Θ E simplifies to:
D.2 RF: one event on R and the other on F wedge
According to our recipe, the transformation of points in this case is given by
Hence, σ 2 E transforms to
Once again, we see that the imaginary part of the right hand side is positive. The biscalar Z in this case turns out to be:
Therefore, the analytic continuation of Θ E becomes;
Notice that there is no 'modulus' on τ F − τ R .
D.3 FF: both events on the F wedge
Following our prescription in Table 1 , the analytic continuation of coordinates is given by:
Under this transformation, the square of distance σ 2 E continues to:
Since, by definition ρ > ≥ ρ < , we find that the imaginary part of the right hand is positive. The biscalar Z in this case becomes:
Therefore, √ 1 − Z 2 + i0 + = i sinh |τ − τ |. Finally, the expression for Θ E reduces to;
